The observables of a dissipative quantum system 
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A time-dependent product is introduced between the observables of a dissipative quantum system, 
that accounts for the effects of dissipation on observables and commutators. In the t — > oo limit 
this yields a contracted algebra. The general ideas are corroborated by a few explicit examples. 

PACS numbers: 03.65.Yz 



One of the most distinctive traits of quantum mechan- 
ics is the non-commutativity of some of its observables. 
If a commutator vanishes, the associated observables can 
be simultaneously measured and can be considered "clas- 
sical" with respect to each other. The system is classical 
when all its observables commute. The transition from 
quantum to classical is a fascinating subject of investi- 
gation and interesting approaches have been proposed in 
order to emphasize the role of observables in this context 
and give a consistent definition of classicality ■ 

A dissipative quantum system loses some of its genuine 
quantum features (such as the ability to interfere) and 
eventually displays a "classical" behavior [3, ■ In this 
Letter we suggest a mechanism that yields classicality 
(in the afore-mentioned sense) starting from dissipative 
dynamics and the physics of open quantum systems. Be- 
sides being of interest in themelves, these subjects have 
profound conceptual consequences and lead to applica- 
tions, for example in quantum enhanced applications and 
quantum technologies 0] . It is therefore of interest to un- 
derstand what happens to the observables of a dissipative 
quantum system and in which sense measurements yield 
less information at the end of a dissipative process. The 
approach we shall propose is general, but for the sake 
of simplicity we shall limit our discussion to the master 
equation. Generalizations and further discussion will be 
postponed to a forthcoming publication. 

The description of quantum systems makes use of 
states p and an algebra A of observables A. One can 
describe the dynamical evolution in terms of the former 
or the latter, the two pictures being equivalent, according 
to Dirac's prescription Q 



Tr(p t A ) = Tr(p A t ). 



(1) 



We shall work in the Markovian approximation, when the 
dynamics is governed by the master equation 



where p t is the density matrix of the quantum system, 
the subscript t denotes the evolved quantity at time t 
and L is the time-independent generator of a dynamical 
semigroup. Equation ([2]) can be formally solved 



Pt = e tL p =A t {p ) (i>0) 



(3) 



and it is well known that under certain conditions on 
L Q the dynamics A t is completely positive and trace 
preserving [3,113]. 

Equation |lj leads to the (adjoint) evolution equation 
for observables (Heisenberg picture) 



A t = L*A t & A t =Al{A ). 



(4) 



In this Letter we address the following question: what 
can be meaningfully observed in a dissipative quantum 
system, in particular when it has reached its equilibrium 
state? Our strategy will be to interpret the effects of the 
adjoint evolution A' on the commutators of the algebra 
of observables A, with basis {A/}, defined through its 
structure constants C: 



[At, Aj 



Ct 3 A k . 



(5) 



We shall see that in general, the above question will lead 
to a contraction of the algebra of observables 13, U | ■ 

First example and general ideas. Let us start from a 
simple but interesting case study. Let 



(6) 



where er Q (a = 0,1,2,3) are the Pauli matrices (<Xo 
11 : . and 7 > 0. This describes the dissipative dynamics 
of a qubit undergoing phase damping. The asymptotic 
solution is 



pt = Lpi 



(2) 



Po = ^(1 + x-<t) A oo (p ) = Pc 



1 



(l+x 3 a 3 ), (7) 



2 



x being a vector in the unit 3-dim ball, |sc| < 1. It is 
very simple to see that Eq. (|6]) yields 



A t Vo, 3 ) = A L(oo, 3 ) =<70,3, 
i H / v i 



Aj((7i, 2 ) = e-^oi, 



(8) 

A« o K 2 )=0. (9) 



These equations must be understood in the weak sense, 
according to Eq. (Q]) : for example, the expectation value 
of (7^2 in the asymptotic state (J7J vanishes. This result 
offers a remarkable interpretation: as time goes by, it 
becomes increasingly difficult to measure the coherence 
between the two states of the qubit. In the t — > oo limit, 
coherence is lost and the only nontrivial observables are 
populations. This interpretation, although suggestive, 
must face a serious problem: can one consistentily define 
a novel product among observables, in such a way that 



Aoo = At(A) = lim h\{A). 



(10) 



be a well-defined algebra? The following theorem [12J 
helps answering this question. 

Let A be a complex topological algebra, i.e., a topo- 
logical vector space over C with a continuous bilinear 
operation 



(X,Y) e Ax A^ X - Y e A 



(11) 



and U\ : A — > A a family of linear morphisms that con- 
tinuously depends on a real parameter A. If U\ are in- 
vertible in a neighborhood of the origin A <E I\ {0}, then 
we can consider the continuous family of products 



X- x Y = U^(Ux(X)-U x (Y)), 



(12) 



for A G I \ {0}. All these products are isomorphic by 
definition, since U X (X -\ Y) = U\(X) ■ U X (Y) and if U a 
is invertible, then clearly 



lim X -x Y 

A-X) 



Uo\U (X) ■ U (Y)). 



(13) 



However, the lim.A->.o X -x Y may exist for all X, Y € 
A even if Uq is not invertible and (TIB")) does not make 
sense. We say then that limA-s-o A" -x Y is a contraction 
of the product X ■ Y. The existence and the form of 
the contracted product heavily depends on the family 
Ux 
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We therefore identify A = l/t, Ux = A' and adopt the 
prescription 

A- t B^(Ai)-\4(A)-4(B)) 7 \/A, B e A. (14) 

Clearly, A oc (= Uq) is not invertible, but the limiting 
product "-oo" makes sense. Having defined a product, we 
can now define the commutators according to the rule 

[^Ajlt = (Af)- 1 ^),^)] = C%(t)A k , (15) 

where [A, B] = A ■ B — B ■ A. In the t -> oo limit Eq. 
(TT51) yields a contraction of the original algebra ([S]) [l6| . 



For instance, in the simple model (|6|)-((9j), the con- 
tracted algebra is the Lie algebra of the Euclidean group 
£7(2) of isometries of the plane: 

[ai,cr 2 ]t = 2ie~ 27 V 3 -> Wi, <7 2 ]oc = 0, (16) 
[o-2,o- 3 ]t = 2icri -> [o- 2 , cr 3 ]oo = 2iai, (17) 
[0-1,0-3]* = -2icr 2 [o-i,o- 3 ]oo = -2icr 2 . (18) 

If one adds to (|6|) a unitary evolution — i[_ff, p], with 
Hamiltonian H = Via '3, nothing changes. However, a 
Hamiltonian = Octi yields a more involved dynam- 
ics 13J and makes A| c (ct 3 ) vanish as well: in this case 



the contracted algebra is Abclian and even measure- 
ment of populations become trivial. The interpretation 
is straightforward: the Hamiltonian provokes Rabi oscil- 
lations between the two levels, the asymptotic state is 
Poo = 1/2 [rather than (|7J|] and the final state is totally 
mixed. Having tested our general scheme on a simple 
but significant example, we can now look at more com- 
plicated situations. 
Second example. Let 



hp = -- ({a f a,p} 



2apa^) 



(19) 



that describes a harmonic oscillator undergoing energy 
damping. Here, {A, B} = AB + BA. It is easy to check 
that 



Af(a) = 
Aj(N) 



A?(c 



-*N (N = a^a), 



(20) 



so that the oscillator algebra is contracted to an Abelian 
algebra, with [a, a^]oo = [a, N]^ = (remember that the 
above equations are understood in the weak sense). The 
physical picture is straightforward: dissipation drives the 
system to its ground state and in the limit not only the 
relative coherence, but even the populations of the ex- 
cited states vanish. The introduction of a Hamiltonian 
H = uia^a does not change the global picture. 
Third example. Let 

Lp=- 1 -{{(Ja) 2 1 p}-2a^apa^a), (21) 

that describes a harmonic oscillator undergoing phase 
damping. Since L» = L and A" = A, one finds 



A?(A0 = N, 



(22) 



so that, unlike in the second example, N is left unal- 
tered. The contraction of the oscillator algebra yields 
the Lie algebra of the Poincare group in 1+1 dimensions 
ISO(l,l): 



[a, a' 



0, 



[a,N] c 



a, 



[a\N] 



(23) 
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The physical picture is straightforward: in the presence 
of phase damping the system is driven to an incoherent 
mixture (in the energy basis). However, in the asymp- 
totic limit it is still possible to measure nonvanishing 
populations of the different states. The introduction of a 
Hamiltonian H = uia^a does not change anything. 
Fourth example. Let 

hp = -i{{x 2 , p} - 2xpx) = -j[x, [x, p\], (24) 

that describes a massive particle undergoing decoherence: 

L\x){y\^~ 1 {x~yf\x){y\. (25) 

Also in this case, the generator ([24)) is self-dual, L = Jj. 

By considering formally x and p as bounded operators, 
one gets 



Al(p)=p, A*(x) = x, 



(26) 



for all t, so that the CCR are preserved. However one 
gets, for n > 2, 



L{p n ) = 771(71 - l)p r ' 



(27) 



so higher order commutation relations change. 

These findings can be corroborated by working with 
the (bounded) unitary groups generated by x and p, that 
is the Wcyl operators 



(28) 



U(a) = e la 
They satisfy 

U(a)V((3) = e~ laf) V((3)U(a). (29) 
One has [x, U(a)} = and [x, V{fi)] = ~PV{P), yielding 
LU(a) = 0, LF(/?) = -7/3 2 ^), (30) 

and hence 

K\U{a) = U(a), A*V(j3) = e^'*V(fi). (31) 

Notice, that for any (3 ^ A\v(f3) is no longer unitary 
for t > 0, and asymptotically vanishes. However, for any 
t one has 



U(a) - t V(/3) = e~^V(fi) - t U(a), 



(32) 



that is, the commutation relations of the Weyl system 
are preserved. However, the Weyl system itself is not 
preserved, since A(V(/3) is not unitary. This example 
clarifies that, while the contraction does not affect the 
basic Lie algebra, it changes the whole associative al- 
gebra, and thus the higher-order commutators. Finally, 
notice that the presence of a free Hamiltonian changes 
the picture considerably [14j and will not be considered 
here. 



Fifth example. Finite dimensional version of the 
fourth example. Consider a d-level system and let 



X = m\m)(m\ 



(33) 



be the discrete position operator on a circle. Consider 
the analogous of (|2~4|) 

(34) 



Lp=-j[X, [X,p]} 



Let us introduce Schwinger's unitary operators [15 1 



u= J2 A m MH, v = J2\- k \k)(%\, 



(35) 



m— 1 



fe=l 



where A = e 27 ™/ d , and the momentum eigenbasis {|fc)}, 
defined by a discrete Fourier transform, 



1 d 



km I 



(36) 



Schwinger's system, which is the finite dimensional ver- 
sion of Weyl's, satisfies 

U h V l = \ kl V l U h , (37) 

for k, I = 1, . . . , d. One easily finds [compare with ([3T]) ] 

(38) 



A^V 1 = e~ 7 ' t V l 



AlU k = U 



so that V 1 asymptotically vanishes. Again, A\v l is no 
longer unitary for t > 0. As a consequence, like in the 
previous example, we get 



u k - t V 1 = x kl v l - t u k , 



(39) 



and the commutation relations are preserved. However, 
Schwinger's system is not preserved, since A\v l is no 
longer unitary. From Eq. (|34[) one has the discrete version 
of (ED 



L\m)(n\ = —7(777. — n) 2 \m)(n\, 



(40) 



so that each observable becomes asymptotically diago- 
nal in the position eigenbasis \m). It is clear that the 
introduction of a unitary evolution with Hamiltonian 
H = E m h m \m)(m\ does not change the global picture. 

Sixth example. Finally, let us consider the following 
model of pure decoherence of a (i-level system. Define d 
unitary operators 



1=0 



(41) 



where Pi = \l)(l\ and A = e 2 "/rf. Note that U = t d , 
and Tr U k = for k > 1. Now, for 71, ... , 7 d _i > let 
us define the following generator 



d-l 



k=l 



(42) 
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It is clear that for d = 2 one has U\ — 03 and hence (|42|) 
reproduces (j6)) as a particular case. Using (|4Tj) one easily 
derives the dynamical map 

d-l 

A t p= c mn (t)P mP P n , (43) 

m,n— 

where the decoherence matrix c mn (t) reads 

Cmn(t) = e-^+^t, (44) 

w m „ = -Im ^X>A- fc(TO - n) l ■ 

Note that 7 m „ = 7„ m , with 7 rom = 0, and w m „ = -w„ m , 
which implies uj mm = 0. In particular, if all jj =7, then 

Imn = 7 {m ^ n), oj mn = 0, (45) 
and one finds 

k\\m){n\ = c nm {t)\m){n\. (46) 

Hence, due to 7 mn > 0, only the diagonal elements P m 
survive asymptotically. If one adds to (|42|) the Hamil- 
tonian H = ^2, k h k Pk, the asymptotic picture does not 
change. Finally, one finds the following formula for the 
product A- t B 

MH ■* m\ = Cnm{t) ^ {t) \m)(n\ ■ \k)(l\ . (47) 

In particular, if all decoherence rates are equal jj = 7, 
\m)(n\ - t \k){l\ = e -^ 1+5 ™>- 5 ™- 5 ^ t 5 nk \m){l\. (48) 

Conclusions. Starting from the adjoint evolution of a 
dissipative quantum system, we have defined a product 
that yields a contracted algebra of observables. Other 
definitions, fully consistent from a mathematical point of 
view, are clearly possible, but do not yield an equally ap- 
pealing physical interpretation. In some sense, the ansatz 
(fT4]) "ascribes" to the product -t the dissipative features 
of the evolution and the increasing difficulty in measuring 
those observables that are more affected by decoherence 
and dissipation. 

In the present framework, ample room is left for non- 
commutative (quantum) observables, that do not belong 
to the center of the contracted algebra. These are as- 
sociated with the kernel of LK These observables are 



not affected by dissipation and preserve their quantum 
features. One can find many examples, e.g. in models 
like those discussed in the sixth example (when some 
Imn = 0). 

We confined our analysis to Markovian systems, de- 
scribed by the master equation ([2]). However, our main 
conclusions remain valid when the evolution is described 
by a map (quantum channel). This unearths additional 
possibilities that will be discussed in a forthcoming pa- 
per. 

The authors thank SVYASA University, Bangalore 
(India) for their warm hospitality during the final part of 
this work. 



[1] E. P. Wigner, Am. J. Phys. 31, 6 (1963). 

[2] H. Araki, Mathematical theory of quantum fields (Oxford 
University Press, 1999). 

[3] J. M. Jauch, Helv. Phys. Acta 37, 293 (1964). 

[4] U. Weiss, Quantum Dissipative Systems, (World Scien- 
tific, Singapore, 2000). 

[5] H.-P. Breuer and F. Petruccione, The Theory of Open 
Quantum Systems (Oxford Univ. Press, Oxford, 2007). 

[6] M. A. Nielsen and I. L. Chuang, Quantum Computa- 
tion and Quantum Information (Cambridge Univ. Press, 
Cambridge, 2000). 

[7] P. A. M. Dirac, The Principles of Quantum Mechanics 
(1930). 

[8] V. Gorini, A. Kossakowski, and E. C. G. Sudarshan, J. 

Math. Phys. 17, 821 (1976); G. Lindblad, Comm. Math. 

Phys. 48, 119 (1976). 
[9] R. Alicki and K. Lendi, Quantum Dynamical Semigroups 

and Applications (Springer, Berlin, 1987). 
[10] E. Inonu and E. P. Wigner, Proc. Natl. Acad. Sci. U. S. 

39, 510 (1953). 
[11] E. J. Saletan, J. Math. Phys. 2, 1 (1961). 
[12] J. F. Carihena, J. Grabowski and G. Marmo, J. Phys. A: 

Math. Gen. 34, 3769 (2001). 
[13] H. Nakazato and S. Pascazio, J. Supercond. 12, 843 

(1999). 

[14] A. Venugopalan, Phys. Rev. A 50, 2742 (1994); A. Venu- 
gopalan, D. Kumar and R. Ghosh, Physica A 220, 563; 
576 (1995). 

[15] J. Schwinger, Quantum Mechanics. Symbolism of atomic 
measurements (Springer, Berlin, 2001). 

[16] One can also take U\ = (A*) -1 and define A ■ B = 
(Af) _1 (A|(A) - t A-l(B)), that preserves the product and 
the commutators for any invertible evolution. This def- 
inition is also mathematically consistent, but does not 
yield the same physical interpretation as (|14|l . 



